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1Introduction
Fusion Algebra ( FA ) $\mathrm{F}\mathrm{A}$
$\mathrm{F}\mathrm{A}$
Character algebra ([1])
$\mathrm{F}\mathrm{A}$ $\mathrm{S}\mathrm{L}(2,\mathbb{Z})$ Modular fusion algebra
( MFA) MFA
([8]). MFA Kernel
$\overline{\Gamma}:=\mathrm{S}\mathrm{L}(2, \mathbb{Z}),$ $\overline{\Gamma}(n):=$ {A $\in\overline{\Gamma}|\mathrm{A}\equiv \mathrm{I}(\mathrm{m}\mathrm{o}\mathrm{d} n)$ } $(n\in \mathrm{N})$ $\overline{\Gamma}\text{ }$
$G$ $G\supset\overline{\Gamma}(n)$ $n\in \mathrm{N}$
Eholzer Nobs $\mathrm{S}\mathrm{L}(2,\mathbb{Z}_{p^{\lambda}})$ ([16], [17])
4 strongly MFA 24 nondegenerate strongly
MFA ([8]) Eholzer i tation
.
. $\Gamma:=\mathrm{P}\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ $\Gamma$ $(\begin{array}{ll}1 60 1\end{array})$ $G$
$\Gamma/G$ MFA ?
1.1. $G$ $\Gamma$ $(\begin{array}{ll}1 60 1\end{array})$ $\Gamma/G$
1 $\text{ }$ MFA
1299 2003 39-50
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bIFA $\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ PSL $(2, \mathbb{Z})$
$\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ $\mathrm{S}\mathrm{L}(2, \mathbb{Z})$
$(\begin{array}{ll}1 60 1\end{array})$ $G$ MFA
$rx$ $\mathrm{S}\mathrm{L}(2, \mathbb{Z})/G$ PSL $(2, \mathbb{Z})$
2Fusion $\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}\mathrm{r}\dot{\mathrm{a}}$ and modular fusion algebra
Fusion algebra
[1] [8]
2.1(Fusion algebra). $A$ $\mathbb{C}$ $A$
$\{x_{0}, x_{1}, \ldots, x_{n}\}$ $A$ fusion algebra
$x_{i} \cdot x_{j}:=\sum_{k=0}^{n}N_{ij}^{k}x_{k}$
(i) $N_{i0}^{j}=\delta_{ij}$ ( $\delta$ $\delta$ )
(ii) $N_{ij}^{k}\in \mathbb{Z}_{\geq 0}$
(iii) $\exists$ involution $\wedge:\{0,1, \ldots, n\}arrow\{0,1, \ldots, n\}\mathrm{s}.\mathrm{t}N_{ij}^{0}=\delta_{i\hat{j}}$ and $N_{\hat{i}\hat{j}}^{\hat{k}}=N_{ij}^{k}$
$N_{ij}^{k}$ $A$ structure constants
$S:=(\begin{array}{l}0-101\end{array})T:=(\begin{array}{ll}1 10 1\end{array})\text{ }$
$\mathrm{S}\mathrm{L}(2, \mathbb{Z})=<S,$ $T|S^{4}=I,$ $S^{2}=(ST)^{3}>$
MFA
22(Modular fusion algebra). $A$ structure constants $N_{ij}^{k}$ $\mathrm{n}+1$
FA $\rho$ $\mathrm{S}\mathrm{L}(2, \mathbb{Z})$ $\mathrm{n}+1$
$\{0, 1, \ldots, n\}$ index $(A, \rho)$






1 MFA trivial MFA
MFA nondegenerate Eholzer([8]) .
23(Nondegenerate). $(A, \rho)$ MFA $\rho(T)$
$(A, \rho)$ nondegenerate MFA $\rho(T)$ nondegenerate
nondegenerate } Eholzer([8]) I 2
2.1. $(A, \rho)$ nondegenerate MFA $\rho$ .
22. $\rho\text{ }\rho$ ’ $\rho(T)=\rho’(T)$ $\rho(T)$ nondegen-
erate $D$ $\rho=D^{-1}\rho’D$
. (i) 2.1 nonndegenerate MFA
(ii) $\rho$ $\rho(T)$ nondegenerate $\rho’$
$\rho(T)=\rho’(T)$ $\rho$ 22










$\Gamma$ [ , $x:=(\begin{array}{ll}0 -11 0\end{array}),$ $y:=(\begin{array}{l}0-111\end{array})$ , $z:=xy=(\begin{array}{ll}1 10 1\end{array})$ , $a:=$
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$[x\backslash y’]=xyxy^{2}=(\begin{array}{ll}2 11 1\end{array}),$ $b:=[x, y^{2}]=xy^{2}xy=(\begin{array}{ll}1 11 2\end{array})$
$\Gamma’,$ $\Gamma’$’ 1 2
(1) $\Gamma=<x,$ $y|x^{2}=y^{3}=1>$
(2) $\Gamma’=<a,$ $b>$ ( $a_{\text{ }}b$ )
(3) $\Gamma--\sum_{r=0}^{5}z^{r}\Gamma’$
(4) $\Gamma’=\sum_{i,j\in}a^{i}b^{i}\Gamma_{\text{ }^{}\prime\prime}$ ( $\Gamma’/\Gamma’’$ rank2 )
$[a, b^{-1}]=(\begin{array}{ll}1 60 1\end{array})=z^{6}$ $z^{6}\in\Gamma’$
’
$\triangle(m)=z^{m}$ $\text{ _{}\mathrm{p}}\mathfrak{R}$ $\text{ }$ $1\leq \mathrm{m}\leq 5$ $\triangle(m)=\Gamma(m)$
Brenner([3]) $m=6$
$\triangle(6)=\Gamma’’$ Newman([14])
$G$ $z^{m}\in G$ $m$ $G\subset\Gamma(m)$ $m$
$m=6$
$\Gamma’’$
$G$ $z^{6}$ $\triangle(2)=\Gamma(2)\text{ }\triangle(3)=\Gamma(3)$
z2\in G\Rightarrow G\supset \Gamma (2)
$z^{3}\in G\Rightarrow G\supset\Gamma(3)$
([8]) $\Gamma/\Gamma(2)\simeq S_{3}$ ( $3$ ) $\text{ }\Gamma/\Gamma(3)\simeq A_{4}$ ( $4$ ) 1
MFA $z$ $\Gamma/G$
6 Newman ([13])
3.1(Newman). $\Gamma\triangleright G_{\text{ }}z$ $\Gamma/G$ 6
$\Gamma’$ \supset G\supset F’’
$\Gamma’\supset G\supset\Gamma’’$ $G$
Newman ([13])
3.1. $\Gamma’\supset G\supset\Gamma_{\text{ }^{}\prime\prime}G\neq\Gamma’’$ $(p,m,d)$
1 1




Newman [15] $\Gamma’\supset G\supset\Gamma’’$ $(\mathrm{p},\mathrm{m},\mathrm{d})=(1,0,1)$ ,
(1,1,3), $(2.0\backslash 1)\prime\prime\prime$. $(2,1,3)$














4The little group method
Little group method
([6] ) $G=H\ltimes A$ ( $A$ )
$G$ Irr(G)
$G:=H\ltimes A$ ( $A$ ) $H$ Irr(A)
$\forall h\in H,$ $\forall a\in A,$ $\forall\rho\in \mathrm{I}\mathrm{r}\mathrm{r}(A)$ {
$(h\rho)(a):=\rho(a^{h})$ ,
a\sim $H$ $A$
Irr(A) $=\cup\hat{A}_{i}i=1n$ ( $H$ )
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$\rho_{i}\in\hat{A}_{i}$
$H_{i}:=\{h\in H|h\rho_{i}=\rho_{i}\},$ $G_{i}:=H_{i}\cdot A$ .
$\chi\in \mathrm{I}\mathrm{r}\mathrm{r}(H_{i})$ $\mathrm{I}\mathrm{r}\mathrm{r}(G_{i})$
$\forall h\in H_{i},\forall a\in A,$ $\chi(ha):=\chi(h)$
$\rho_{i}$
$\rho_{i}(ha):=\rho_{i}(a)$
\rho i\in Irr(G ) $\chi$ , \rho i\in Irr(G
$\theta_{\chi i}:=(\chi\otimes\rho_{i})^{G}$
$(\chi\otimes\rho_{i})^{G}$ $\chi\otimes\rho_{i}$ $G$ $\theta_{\chi i}\in \mathrm{I}\mathrm{r}\mathrm{r}(G)$
Irr(G) $=\{\theta_{\chi i}|1\leq i\leq n, \chi\in H_{i}\}$
5 2 $\backslash 3$
$\mathbb{Z}/6\mathbb{Z}\ltimes(\mathbb{Z}/p\mathbb{Z}\cross \mathbb{Z}/dp\mathbb{Z})$ $2_{\text{ }}3$ MFA
\mbox{\boldmath $\xi$} 1 $n$
$G:=\mathbb{Z}/6\mathbb{Z}\ltimes(\mathbb{Z}/p\mathbb{Z}\mathrm{x}\mathbb{Z}/dp\mathbb{Z})$ , $H:=\mathbb{Z}/6\mathbb{Z},$ $A:=\mathbb{Z}/p\mathbb{Z}\cross \mathbb{Z}/dp\mathbb{Z}$
$\forall(i, j),$ $(k, l)\in \mathbb{Z}/p\mathbb{Z}\cross \mathbb{Z}/dp\mathbb{Z},$ $\phi_{ij}(k, l):=\xi_{dp}^{ikd+jl}$
Irr(A) $=\{\phi_{ij}|(i,j)\in \mathbb{Z}/p\mathbb{Z}\mathrm{x}\mathbb{Z}/dp\mathbb{Z}\}$
$H$ Irr(A)
$\forall(l, m)\in A,$ $(z^{k}\phi_{ij})(l, m):=\phi_{ij}(S^{k}(l, m))$
\phi $\in \mathrm{I}\mathrm{r}\mathrm{r}(A)$ $H_{ij}:=$ { $h\in H|$ (h\phi ) $=\phi_{ij}$ }, $G_{ij}:=H_{ij}\cdot A$
5.1. $z\in H_{ij}\Leftrightarrow i=j=0$
$z^{2}\in H_{ij}\Leftrightarrow 3j\equiv 0,$ $id\equiv(m-1)j(\mathrm{m}\mathrm{o}\mathrm{d} dp)$
$z^{3}\in H_{ij}\Leftrightarrow 2i\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} p),$ $2j\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} dp)$
$\psi\in \mathrm{I}\mathrm{r}\mathrm{r}(H_{ij})$ 1 $\theta_{\psi ij}:=(\psi\otimes\phi_{ij})^{G}$ little group method 1
$G$ $H_{ij}$
J $\deg\psi=1_{\text{ }}$
$\mathrm{d}eg\theta_{\psi ij}=|G$ : $G_{ij}|=|H$ : $H_{ij}|_{\text{ }}$
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$G$ $1_{\backslash }2_{\backslash }3_{\backslash }6$ 2 3
MFA $x\ovalbox{\tt\small REJECT} z^{3}S^{4}(0,1)\in G$
(i) 2
2 $|H$ : $H_{ij}|=2$ $H_{ij}=<z^{2}>$
$G_{ij}=<z^{2}>.A$ , G=G +zG
$0\leq\forall k,$ $l\leq 2,$ $\psi_{k}(z^{2l}):=\omega^{kl}(\omega:=\xi_{3})$ $\theta_{kij}:=(\psi_{k}\otimes\phi_{ij})^{G}$
$\theta_{kij}(z)=(\begin{array}{ll}0 \omega^{k}1 0\end{array})$ , $\theta_{kij}(x)=(\omega^{k}\xi_{dp}^{id-(m+1)j}0$ $\omega^{2k}\xi_{dp}^{id-mj}0)$
5.1 $z^{2}\in H_{ij}\Leftrightarrow 3j\equiv 0,$ $id\equiv(m-1)j(\mathrm{m}\mathrm{o}\mathrm{d} dp)$
$\theta_{kij}(x)=(\omega^{k}\xi_{dp}^{-2j}0$ $\omega_{0}^{2k}\xi_{dp}^{-j})$
$\alpha:=\xi_{6}\text{ }\beta:=\xi_{dp}$ $P:= \frac{1}{\sqrt{2}}(\begin{array}{ll}\alpha^{k} -\alpha^{k}1 1\end{array})$ $\theta_{kij}$
$P^{-1}\theta_{kij}(z)P=(\begin{array}{ll}\alpha^{k} 00 -\alpha^{k}\end{array}),$ $P^{-1} \theta_{kij}(x)P=\frac{\alpha^{3k}}{2}(\begin{array}{ll}\beta^{-j}+\beta^{-2j} \beta^{-j}-\beta^{-2j}\beta^{-2j}-\beta^{-j} -(\beta^{-j}+\beta^{-2j})\end{array})$
$3j\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} dp)$ $\beta^{-j}=\omega^{l}(l=1,2)$ ( $l=0,$ $j=0$
$id\equiv(m-1)j(\mathrm{m}\mathrm{o}\mathrm{d} dp)$ ( $\mathrm{i}=0$ $z\not\in H_{ij}$
)
$P^{-1}\theta_{kij}(x)P$
$\frac{\alpha^{3k}}{2}$ ( $-\sqrt{3}-1$ $-\sqrt{3}1$ ), $\frac{\alpha^{3k}}{2}(\begin{array}{ll}-1 \sqrt{3}\sqrt{3} 1\end{array})$ 2 ’
2 $N_{1}(\chi_{1})\otimes\rho_{k}$ $N_{1}(\chi_{1})\otimes\rho_{k+3}$




3 $|H:H_{ij}|=3$ , $H_{ij}=<z^{3}>$
$G_{ij}=<z^{3}>\cdot A,$ $G=G_{ij}+zG_{ij}+z^{2}G_{ij}$
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$0\leq\forall k,$ $l\leq 1,$ $\psi_{k}(z^{3l}):=(-1)^{kl}$ $\theta_{kij}:=(\psi_{k}\otimes\phi_{ij})^{G}$
$\theta_{kij}(z)=(\begin{array}{lll}0 0 (-1)^{k}1 0 00 1 0\end{array}),$ $\theta_{kij}(x)=(\begin{array}{lll}\beta^{id-(m+1)j} 0 00 \beta^{id-mj} 00 0 \beta^{j}\end{array})$
5.1 $z^{3}\in H_{ij}\Leftrightarrow 2i\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} p),$ $2j\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} dp)$ $\theta_{kij}(x)$
$(xz)^{3}=1$ $\theta_{kij}(x)$
$(\begin{array}{lll}-1 0 00 -1 00 0 1\end{array}),$ $(\begin{array}{ll}-1 000 010 0-1\end{array}),$ $(\begin{array}{lll}01 00-1 00 0 -1\end{array})$ for $k=0$
$(\begin{array}{ll}1 000 010 0-1\end{array}),$ $(\begin{array}{lll}\mathrm{l} 0 00-1 000 1\end{array}),$ $(\begin{array}{lll}-1 0 00 1 00 0 1\end{array})$ for $k=1$ .
$N_{1}(1, \chi_{1})\otimes\rho$ $(\deg\rho=1)$
$N_{1}(1, \chi_{1})$ [17] $N_{1}(1, \chi_{1})$ Kerne
$\mathrm{A}\mathrm{a}_{\text{ }}$ [8] MFA
6
6 6
5.1 $(i, j)\in(\mathbb{Z}/p\mathbb{Z}\cross \mathbb{Z}/dp\mathbb{Z})$
$H_{i\nearrow}1$ little group method $\phi_{ij}^{G}$
$\phi_{ij}^{G}(z)=(\begin{array}{llllll} 11 1 1 1 1 \end{array})$






$\ddagger\circ \mathrm{C}\vee\phi_{ij}^{G}(z)\ovalbox{\tt\small REJECT} \mathrm{J}\xi \mathrm{p}_{\grave{\mathrm{J}}}\underline{\mathrm{R}}\{\mathrm{b}^{-}C^{\backslash }\backslash ho_{0}$
$P^{-1}\phi_{ij}^{G}(x)P=P^{-1}\phi_{ij}^{G}(z^{3}S^{4}(0,1))P=(P^{-1}\phi_{ij}^{G}(z)P)^{3}P^{-1}\phi_{ij}^{G}(S^{4}(0,1))P$
$= \frac{1}{6}(\begin{array}{l}1\backslash -11-11-1\end{array}$ $( \sum_{l=0}^{5}\alpha^{(-c+d)l}\phi_{ij}^{G}(S^{4+l}(0,1))$ ,




$S^{1}(0,1)=(-1, m+1)$ $k_{1}:=-id+(m+1)j$ ,
$S^{2}(0,1)=(0,1)$ $k_{2}:=-id+mj$ ,
$S^{3}(0,1)=(0, -1)$ $k_{3}:=-j$ ,
$S^{4}(0,1)=-S^{1}(0,1)$ $k_{4}:=-k_{1}$ ,
$S^{5}(0,1)=S^{2}(0,1)$ $k_{5}:=-k_{2}$ ,
$x_{i}:= \sum_{l=0}^{5}\alpha^{il}\beta^{k_{l+4}}$ ( $k$ index $\mathrm{m}\mathrm{o}\mathrm{d} 6$ ) $x_{i}$
$P^{-1}\phi_{ij}^{G}(x)P$
$P^{-1} \phi_{ij}^{G}(x)P=\frac{1}{6}(-x_{5}-x_{3}-x_{1}x_{0}x_{4}x_{2}$ $-x_{0}-x_{4}-x_{2}xx_{5}x_{3}1$ $-x-x_{5}-x_{3}x_{2}x_{0}x_{4}1$ $-x_{2}-x_{0}-x_{4}x_{3}xx_{5}1$ $-x_{3}-x_{1}-x_{5}x_{4}x_{2}x_{0}$
$-x_{4}-x_{2}-x_{0}x_{5}x_{3}x_{1})$ .
22 $\rho$ $\rho’(z)=\rho(z)-\epsilon^{\backslash }\backslash \text{ }$ \ddagger $\overline{\mathcal{D}}fp_{\text{ }}$
$D=(\begin{array}{llll}d_{0} d_{1} \ddots d_{5}\end{array})$ $\rho’=D^{-1}\rho D$
$\rho’$ MFA $x_{i}\neq 0(\forall i)$
( $x_{i}$ 0 Verlinde’s formula )
$x_{i}\neq 0(\forall i)$ $(PD)^{-1}\phi_{ij}^{G}(x)PD$
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6.1. $(PD)^{-1}\phi_{ij}^{G}(x)PD$
$\Leftrightarrow d_{1}^{2}=-\frac{x_{5}}{x_{1}},$ $d_{2}^{2}= \frac{x_{4}}{x_{2}}$ $d_{3}^{2}=-1,$ $d_{4}^{2}= \frac{x_{2}}{x_{4}}$ $d_{5}^{2}=- \frac{x_{1}}{x_{5}},$ $x_{1}x_{2}=x_{4}x_{5\prime}.x_{2}^{3}=x_{4}^{3}$
$($PD$)^{-1}\phi_{ij}^{G}(x)PD$ $d_{i}$ $\pm 1$ 2
62. $($PD$)^{-1}\phi_{ij}^{G}(x)PD$ $D$ \Leftrightarrow $i$ $\omega^{i}x_{1}=$
$x_{5}$
$x_{2}=\omega^{i}x_{4}$
$x_{i}:= \sum_{l=0}^{5}\alpha^{il}\beta^{k_{l+4}}$ $\omega^{i}x_{1}=x_{5}$ $x_{2}=$
$\omega^{i}x_{4}$ $i,$ $j,$ $d,$ $p,$ $m$
63. (i) $x_{1}=x_{5},$ $x_{2}=x_{4}\Leftrightarrow id\equiv(m-1)j(\mathrm{m}\mathrm{o}\mathrm{d} dp)$ .
(ii) $\omega x_{1}=x_{5},$ $x_{2}=\omega x_{4}\Leftrightarrow 2id\equiv(2m+1)j(\mathrm{m}\mathrm{o}\mathrm{d} dp)$
(iii) $\omega^{2}x_{1}=x_{5},$ $x_{2}=\omega^{2}x_{4}\Leftrightarrow id\equiv(m+2)j(\mathrm{m}\mathrm{o}\mathrm{d} dp)$
$I:=\xi_{4}$ $x_{1}=x_{5\text{ }}x_{2}=x_{4}$ MFA









. (i) 6.1 , $($PD$)^{-1}\phi_{ij}^{G}(x)PD$ $d_{i}$
$\pm 1$
$\rho$ $\rho(z)=\rho’(z),$ $\rho(x)$ :
$\rho’$ Verlinde’s formula $\rho$ $\pm 1$
$\rho$ index $i$ $i-1$ Verlinde’s
formula $N_{ij}^{k}$
(ii) MFA index
index $\pm 1$ $N_{ij}^{k}$
index
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$x_{1}\ovalbox{\tt\small REJECT} x_{5\backslash }x_{2}\ovalbox{\tt\small REJECT} x_{4}$
$c\ovalbox{\tt\small REJECT}^{\ovalbox{\tt\small REJECT}}\cos\ovalbox{\tt\small REJECT},$
$s\ovalbox{\tt\small REJECT}^{\ovalbox{\tt\small REJECT}}\mathrm{s}\mathrm{i}\mathrm{n}$.$dp$
$x_{0}=2(2c^{2}+2c-1),$ $x_{1}=-2sI(1+2c),$ $x_{2}=2(2c+1)(c-1),$ $x_{3}=4sI(1-c)$ .
MFA $- N_{12}^{3}+N_{13}^{4}=$
$2c$ $-1\leq c\leq 1$ $c=-1,$ $\frac{-1}{2}$ , $0,$ $\frac{1}{2},1_{\text{ }}$
$N_{11}^{1}=-s \frac{16c^{5}-24c^{4}-82c^{3}+5c^{2}+36c-5}{6(1+2c)(c-1)(2c^{2}+2c-1)(c+1)}$ $c \neq\frac{1}{2},1,0,1$
$N_{11}^{4}= \frac{c-1}{2(2c^{2}+2c-1)}$ , $c \neq\frac{1}{2}$
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